Shear Alfvén wave excitations by energetic (E ≈ 1 MeV) ions in burning tokamak plasmas are investigated. The physical processes dominating resonant and non-resonant wave-particle interaction with fast ions are identified and discussed in various wavelength regimes. It is shown that both types of interactions depend crucially on the magnetic drift curvature coupling in conditions optimal for resonant mode excitation, which also correspond to maximized fast ion redistributions by collective oscillations. Energetic particle charge uncovering effects, viewed as (thermal) core component currents responding to the charge separation caused by large fast ion orbit widths, are further delineated in terms of the present results.
Introduction
The problem of energetic ion and alpha particle transport in burning plasmas is vast and complex. The potential role of shear Alfvén waves in this respect was originally proposed in [1, 2] , followed by the first nonlinear analyses of these fluctuations [3] and their consequences on fast ions [4] , while only recently attention has been devoted to the role of electrostatic drift turbulence on energetic ion transport [5, 6] .
Here, our aim is to provide a systematic discussion of the stability properties of waves that may be excited in the presence of fast ions and may eventually cause or enhance their transport processes. Rather than the details of the various modes, we present a general theoretical framework for their stability analyses and the respective governing equations. Section 2 is devoted to this scope and essentially provides the starting equations for low-frequency drift and drift Alfvén modes stability analyses in axisymmetric equilibria that are applicable to both laboratory [7] and space plasmas [8] . Section 3, meanwhile, discusses the reduced form of these equations for low-β (β = 8πP /B
2 ) plasmas of fusion interest, where the energetic ions have pressure comparable to that of the thermal component, but much smaller density, as it typically happens in a burning plasma.
Instabilities that tap the expansion free-energy from energetic particle spatial gradients have both linear growth as well as transport rates proportional to the mode number [9] : thus, short wavelengths tend to be favoured. On the other hand, due to the fundamental role of wave-particle interactions in the transport processes [9] , the typical lower bound for the perpendicular mode wavelength, λ ⊥ , is set by the characteristic fast ion orbit width, which, in toroidal devices such as tokamaks, is determined by magnetic curvature and grad-B drifts and is generally larger than the energetic ion Larmor radius, ρ E . For this reason, modes with λ ⊥ ρ E are expected to play a dominant role for both resonant excitations of collective Alfvén instabilities as well as for producing fluctuation enhanced fast ion transport. Thus, they are crucially important for understanding alpha particle confinement and collective behaviours in burning plasmas. The long wavelength limit, λ ⊥ ρ E , is discussed in section 3.1, where we show that all modes of the shear Alfvén branch [10] having frequencies in the range between the thermal ion transit and Alfvén frequency can be consistently described by one single general fishbone-like dispersion relation [11] . In section 3.1, we also elucidate the crucial but different roles played by resonant and non-resonant energetic ions on the two types of Alfvén modes generally predicted to exist: i.e. the discrete shear Alfvén gap mode or Alfvén eigenmode (AE) and the energetic particle continuum mode (EPM) [11] . More specifically, we show that resonant fast ion dynamics, in toroidal plasmas, enter via the magnetic drift curvature coupling in the vorticity equation, while the non-resonant response has various contributions, whose relative weight depends on the ratio of the characteristic fast ion orbit width to the perpendicular mode wavelength. Section 3.2, meanwhile, analyses the large magnetic drift orbit width limit, ρ dE λ ⊥ , due to its relevance to the theoretical interpretation [12] of Alfvén cascades (ACs) [13] . Since the magnetic drift orbit width is larger than the Larmor radius, ρ dE > ρ E , no specific ordering between ρ E and λ ⊥ is assumed in section 3.2: the relevance of the long wavelength limit, λ ⊥ ρ E , is derived as a result of the general analysis. The same results are used in section 3.3 to argue the necessity of consistently treating wave-particle resonant interactions even for λ ⊥ < ρ E . There, we also give a brief discussion, based on the fast ion energy, on different experimental observations of fast ion behaviours in the presence of collective modes.
The charge uncovering concept, viewed as currents in the core component balancing the charge uncovering effect due to the large orbits of energetic ions [14] [15] [16] , and its generalizations are presented in section 4 . Here, we demonstrate that the optimal wavelength ordering for analysing energetic ion transport in burning plasmas is not ρ E /λ ⊥ → ∞ [17, 18] , but rather λ ⊥ ρ E as considered in [11] , such that both resonant and non-resonant fast ion behaviours are dominated by the magnetic drift curvature coupling, and the energetic ion dynamics, including the charge uncovering effect [14] [15] [16] , is fully accounted for [19] . Section 5 gives conclusions and summarizing discussions.
Theoretical model and eigenmode equations
Consider the usual frequency ordering of the gyrokinetic description of a strongly magnetized plasma, such that the characteristic frequency, |ω|, is much lower than the ion cyclotron frequency, |ω ci |. We describe the low-frequency plasma oscillations in terms of three fluctuating scalar fields, having chosen to work in the Coulomb gauge [7, 8, 20] : the scalar potential perturbation δφ, the parallel (to b = B/B) magnetic field perturbation δB and the perturbed field δψ, which, for fluctuations with time dependences ∝ exp(−iωt), is related to the parallel vector potential fluctuation δA by
Each particle species is described via its perturbed distribution function, δf s , which may be conveniently written [7, 8, 20] as
where e s and m s are the species electric charge and mass, F 0s is the equilibrium distribution function, E = v 2 /2 the energy per unit mass, cs (k × b) · v is the generator of coordinate transformation from the guiding centre to particle variables.
In the space of the extended poloidal angle variable θ [21] , the non-adiabatic particle response, δK s , defined in equation (1), is obtained via the gyrokinetic equation [7, 8, 20] :
Here, ω tr = v /qR is the transit frequency, ω ds is the magnetic drift frequency, ω ds = ω [8] and κ = b · ∇b is the magnetic field curvature. Note that, in equation (2), terms ∝b·∇J 0 (k ⊥ ρ s ) have been neglected (see appendix A for justification).
By taking velocity space moments of equation (2) and following the conventional approach [7, 8] (see appendix A), it is possible to derive the following vorticity equation:
Here, σ k is given by equation (A3) and angular brackets indicate velocity space integrals, i.e. · · · ≡ dv(· · ·). Furthermore, summations are extended to all particle species s and we have used the parallel Ampére's law in the form
In order to derive a closed set of wave equations, equation (3) must be complemented by the quasi-neutrality condition and the perpendicular Ampère's law [7, 8] . The quasi-neutrality condition can be directly written using equation (A4 
Meanwhile, the perpendicular Ampère's law is readily derived following the procedure outlined in [7, 8] :
Equations (3)- (6) are extremely general and may serve as a starting point for linear stability analyses of drift and drift Alfvén waves in burning plasmas. Incidentally, we note that-in the appropriate limit-they reduce to the form used in [22] for theoretical investigations of kinetic ballooning modes (KBMs). However, the current forms are still too complicated and may be reduced to much simpler ones, depending on the specific problem under consideration. Examples of such reduced forms are given in section 3. In order to clarify the link between the kinetic form of equations (3)-(6) and analogous forms derived from fluid equations, it can be useful to extract the drift kinetic limit, k ⊥ ρ s → 0, from all terms containing F 0s . In this way, equation (3) can be rewritten in the completely equivalent form:
Here, we have used equilibrium as well as fluctuation charge neutrality, i.e. s e s δf s = s e s F 0s = 0,∇ ≡ ∇ψ∂ ψ , with ψ the toroidal magnetic flux function [8] ; σ k -given in equation (A3)-can be rewritten as
and P ⊥ and P are the total perpendicular and parallel plasma pressures, which satisfy the ideal MHD equilibrium conditions [23] :
with τ ≡ 1+(4π/B)(∂P ⊥ /∂B) and σ ≡ 1+(4π/B 2 )(P ⊥ −P ) [23] . Meanwhile, the equivalent forms of the quasi-neutrality condition, equation (5), and the perpendicular Ampère's law, equation (6) 
Reduced wave equations
Here, we strictly follow the theoretical model and notations used in [8] . Thus, we assume an axisymmetric toroidal plasma equilibrium with three components: the core, made of electrons and thermal ions, which can be generally assumed Maxwellian and isotropic, and an energetic ion component, which is typically anisotropic and/or non-Maxwellian. The core component is taken to be cold compared with the energetic ions, with a temperature ratio T c /T E ≈ δ, with δ 1 a smallness parameter that, in the following, we assume to scale with the ratio of the plasma radial inhomogeneity scale length to the system size, i.e. δ ≈ L p /R 0 . Meanwhile, the energetic component is tenuous, with a particle density ratio n E /n c ≈ δ 3/2 . Thus, in general, core and fast ion components do not have similar pressures, consistently with the power density balance expected in a burning plasma, P E ≈ (τ sd /τ E )P c , with τ sd and τ E , respectively, the fast ion slowing down time and the energy confinement time. In the present work, as in previous analyses [11, 19, 24, [25] [26] [27] [28] , we consider β c ≈ δ and β E ≈ δ 3/2 , with β = 8πP /B 2 . That is, we assume a somewhat different ordering from that of [8] , which is chosen for space plasmas. Furthermore, energetic ions can be characterized by P E = P E⊥ , with and ⊥ referring, respectively, to parallel and perpendicular directions with respect to the equilibrium B field. A direct consequence of the ordering adopted here is that the fast ion characteristic velocity, v E , is of the order of the Alfvén speed, 
Significant simplifications of equations (3)- (6), or of their equivalent forms equations (7), (11) and (12) , are possible when looking at waves of the shear Alfvén branch, with |k /k ⊥ | 1 and characterized by frequencies that are much less than the fast ion diamagnetic frequency, i.e. |ω * E /ω| 1, which is the typical condition for waves of the shear Alfvén branch that are excited due to fast ion spatial inhomogeneities and via wave-particle resonances at ω ω A . Clearly, stability properties of the much higher frequency compressional AEs (CAEs) [29] [30] [31] [32] [33] are not considered here. Note that, in the case of CAE, the mode stability crucially depends, instead, on the anisotropy of the energetic ion distribution function in velocity space. Hence, terms ∝∂F 0E /(B∂µ) can be neglected in the present analysis.
Since we are considering waves for which ω te ω be ω ω de , we may assume massless electron response and ignore trapped electron dynamics, i.e. δK e = 0. Meanwhile, recalling the ordering β c ≈ δ and β E ≈ δ 3/2 , we may let
1 in the ideal MHD equilibrium conditions [23] , equations (9) (3)- (6) reduce to
with
The perpendicular Ampère's law, equation (6), reduced to the form of equation (15), essentially expresses the perpendicular pressure balance in the presence of finite energetic ion compressions; that is, it excludes the compressional Alfvén wave, while maintaining the sound and shear Alfvén branches. Note that energetic particles never contribute to the reduced form of the quasi-neutrality condition, since n E /n c ≈ δ 3/2 . Note, also, that the resonant excitation of kinetic Alfvén waves (KAWs) by fast ions, excluded from the present ordering with the drift kinetic limit for the core component, k θ ρ i → 0, could be easily incorporated in equations (13)- (15) assuming small but finite k θ ρ i . Nonetheless, equations (13)- (15) consistently describe the resonant excitation of the shear Alfvén frequency spectrum by energetic ions in the range ω * i ≈ ω ti ω ω A , as will be discussed in the following, i.e. from the low KBM [22, 24, 25] and beta induced AE (BAE) [34, 35] frequency up to the higher frequency typical of toroidal AEs (TAEs) [36] [37] [38] .
The shear Alfvén fluctuation spectrum
The ordering k θ ρ E ≈ δ 1/2 , introduced in [11, 24] , corresponds to perpendicular wavelengths of approximately the fast ion magnetic drift/banana orbit width and can be considered as the optimal wavelength ordering for analysing the resonant excitation of shear Alfvén waves by energetic ions, since it describes both the linear increase in the mode drive with the mode number for k θ ρ E → 0 [37, 38] as well as its quenching with k θ due to finite drift orbit width averaging [11, 24, 27, 39, 40] . More precisely, the energetic ion drive is dominated by geodesic curvature due to the ∝(ω d /ω) 2 weight factor [26] in the waveparticle resonant interaction, which makes it dominant in the inertial layer for k θ ρ E → 0, where the characteristic radial scale is r ≈ δ/nq , whereas the interaction is limited to the ideal region for k θ ρ E ≈ δ 1/2 , i.e. r δ 1/2 /nq . Here, n is the toroidal mode number and q is the radial derivative of the safety factor. In either case, we can consider k ⊥ ρ E 1 in the region of effective wave-particle interaction [11, 24] , as also assumed in [39] .
In terms of frequency orderings, assuming k θ ρ E ≈ δ 1/2 and, thus, k θ ρ i ≈ δ readily leads to ω * E /ω A ≈ δ −1/2 and ω * c /ω A ≈ δ 1/2 , respectively, for the ratio of fast ion and core component diamagnetic frequencies to the Alfvén frequency. Similarly, we haveω dE /ω A ≈ δ 1/2 and ω di /ω A ≈ δ 3/2 for the toroidal precession frequencies of energetic and core ions. Since the present ordering can be summarized as
it naturally encompasses and is completely consistent with those originally introduced in [11, 24, 25] . In fact, it consistently describes the excitation of the shear Alfvén frequency spectrum by energetic ions precession, precession-bounce and transit resonances in the range ω * i ≈ ω ti ω ω A , covering the entire frequency range from KBM/BAE [24, 25, 34, 35] to TAE [36] [37] [38] . Within this framework, equations (13)- (15) can be further simplified. More specifically, the last three terms on the left-hand side (LHS) of equation (13) and the last term on the righthand side (RHS) of equation (15) can be dropped. When the remaining expression of δB is substituted back into equation (13) , expressions containing B δψ+(ω/c)δB → κ δψ, owing to the MHD equilibrium condition, equation (10) . This can be effectively accounted for by dropping δB in equations (2) and (13) and replacing B → κ [8] . Thus, equations (13)- (15) can be rewritten as [8] and
In the present low-β ordering, the distinction between ω ds andω ds is unnecessary and the last term on the RHS is usually dropped. We maintain them here for completeness and for future reference. Also note that we have maintained the small but finite k ⊥ ρ E dependence in the non-adiabatic contribution to the ballooning-interchange term in equation (16) in order to keep record of the finite Larmor radius (FLR) effect on the mode drive [11, 24, 27] and to have an independent consistency check on the validity of the original assumption k ⊥ ρ E 1. Equations (16) and (17) are the simplest yet relevant equations for analysing the resonant excitations of shear Alfvén waves by energetic ions in the broad frequency range given above. More specifically, equation (16) demonstrates that, within the present ordering, both resonant as well as non-resonant responses due to the ∝δK E term enter via the magnetic drift curvature coupling.
In the high frequency case, ω A ω ω * pi ω ti , the core ion non-adiabatic response can be neglected due to the ordering δK i ≈ (ω di /ω)(e i /m i )(QF 0i /ω)δψ. Thus, the quasineutrality condition, equation (17) , reduces to the ideal MHD approximation, δE
δψ δφ.
Physically, δE 0 results from the existence of the core component, by which the plasma possesses large parallel conductivity and negligible FLR effects [8] . Meanwhile, with the ∝ω * pi term neglected, equation (16) becomes totally equivalent to equation (3) of [41] , i.e. to the socalled pressure coupling equation in the hybrid MHD-gyrokinetic approach. In order to draw a closer comparison between the subsidiary ordering, assumed in this section, and the hybrid MHD-gyrokinetic approach of [41] , we observe that the last term on the LHS of equation (13) represents the energetic ion correction to the divergence of the polarization current (see also appendix A). In the k ⊥ ρ E 1 limit, this term is negligible, provided n E /n c δ |ω/ω * E |, and dropping it from equation (13) corresponds to neglecting the fast ion contribution to the perpendicular momentum change of the plasma, as discussed in the hybrid MHD-gyrokinetic approach [41] .
In this high frequency case, ω A ω ω * pi ω ti , the hybrid MHD-gyrokinetic approach was used in a number of numerical [41] [42] [43] [44] [45] [46] investigations, while equation (16), with δψ δφ and different subsidiary frequency orderings, has been employed in various analytical [11, 12, 19, [24] [25] [26] [27] 28, [37] [38] [39] 40, 47] studies of collective modes induced by energetic ions in tokamaks. In general, [11] demonstrated that the mode dispersion relation can often be written in the following generic fishbone-like dispersion relation form [48, 49] :
where δW f and δW k play the role of fluid (core component) and kinetic (fast ion) contribution to the potential energy, while represents a generalized inertia term. For example, 2 [11, 24, 25] for |k qR 0 | 1 and [11, 26, 27, [37] [38] [39] for |k qR 0 | ≈ 1/2, with ω l and ω u the lower and upper accumulation points of the shear Alfvén continuous spectrum toroidal gap [50] . Note that δW f is generally real, whereas δW k is characterized by complex values, the real part accounting for non-resonant and the imaginary part for resonant wave-particle interactions with energetic ions.
The fishbone-like dispersion relation, equation (20) , demonstrates the existence of two types of modes: i.e. a discrete shear Alfvén gap mode or AE, for IRe 2 < 0, and an EPM [11] for IRe 2 > 0. For AE, the non-resonant fast ion response provides a real frequency shift, while the resonant wave-particle interaction gives the mode drive, which is necessary to overcome the small but finite damping due to the core component. In the case of EPM, ω is set by the relevant energetic ion characteristic frequency, and mode excitation requires drive exceeding a threshold due to continuum damping [51, 52] . However, the non-resonant fast ion response is crucially important for EPM excitation as well, since it provides the compression effect which is necessary for balancing the positive MHD potential energy of the wave, as explicitly shown in the fishbone-like general dispersion relation [11, 24, 25, 48] . Thus, equation (20) demonstrates that both resonant and non-resonant energetic particle responses are crucial for a correct description of shear Alfvén wave excitation by fast ions.
The same dispersion relation form given by equation (20) also holds for ω * pi ≈ ω ti such that equations (16) and (17) are solved accounting for the finite compressibility due to wave-particle interactions with core ions [53] . In this case, 2 becomes [54]
where
have been introduced, with
2 /(y − x)dy being the plasma dispersion function. An interesting limit of equation (21) is ω ω * pi , ω ti , which yields [54]
Equation (23) describes the formation of the low frequency BAE gap [34, 35] and the fact that ion Landau damping decreases exponentially with increasing q 2 , making resonant excitation by fast ions easier, according to equation (20) . This point is of direct relevance for explaining the low frequency feature [55] of ACs (also see section 3.2) observed on JET [12, 13] . In addition, equation (23) also predicts the excitation of an Alfvénic mode driven by thermal ion temperature gradients, provided ωω * Ti > ω 2 ti . This Alfvénic ion temperature gradient (AITG) driven mode is described in [53] , and the possibility of exciting it above a critical threshold in the thermal ion temperature gradient, but still below the ideal MHD ballooning stability boundary, is in agreement with the findings of [56] , obtained in a different parameter regime.
The large magnetic drift-orbit limit
An interesting limit of equations (13) and (15), which has received significant attention [12, 14, 15] , is |ω dE | |ω bE |, |ω tE |, |ω|, with ω bE the energetic ion bounce frequency between magnetic mirror points (or ω tE their transit frequency for circulating particles) and ω dE their bounce-averaged precession frequency. This limit of large magnetic drift orbits of energetic ions was originally considered in stability analyses of Tandem Mirrors and Elmo Bumpy Torus [14] as well as KBMs [15] and, more recently, for the explanation of ACs in JET [12] .
In this limit, the fast ion response is nearly adiabatic [19] . In fact, at the lowest '(0)' order, the non-adiabatic kinetic response obtained from equation (2) is
while at the next order [12, 19] 
Using equation (24) and (25), it is readily demonstrated that equations (13) and (15) become, respectively,
while equation (14) simply reduces to the ideal MHD condition δφ = δψ. Note that the last term on the LHS of equation (26) accounts for resonant wave-particle interactions with energetic particles, which are necessary for mode excitation by fast ions, as discussed in section 3.1.
With the help of equations (10) and (27) , equation (26) can be further reduced to [15] 
Equation (28), originally derived (without the term on the RHS) in [15] in the context of KBM stability studies, is valid for arbitrary wavelengths, i.e. for arbitrary k ⊥ ρ E , provided |ω dE | |ω bE |, |ω tE |, |ω|. It is worthwhile recalling that this is the only condition which is necessary for the validity of equations (24) and (25), from which equations (26)- (28) follow consequently [14, 15] . When well-circulating energetic particles are considered, the condition |ω dE | |ω tE | implies k ⊥ ρ E 1 as well, unless q 1 as, for example, in tokamak plasmas with hollow current profiles. However, for magnetically trapped particles with large driftorbits (banana-potato, see e.g. [57] ), |ω dE | |ω bE | is consistent with k ⊥ ρ E 1 even for q ≈ 1, and it is so a fortiori for q 1, as assumed in the original work providing the theoretical interpretation of ACs [12] .
The consistency between k ⊥ ρ E 1 and the large magnetic drift orbit limit, |ω dE | |ω bE |, |ω tE |, |ω|, can also be directly verified in equations (16) 
while at next order in ω/ω dE ,
which is readily reduced to
When substituted back into equation (16), equations (29) and (31) give exactly equation (28), provided that k ⊥ ρ E < 1 is consistently assumed. Equation (16) in the fast ion drift kinetic limit, k ⊥ ρ E = 0, and with the subsidiary frequency ordering ω ω * pi , ω ti , was used to investigate AC excitation by large orbit trapped energetic ion tails [12] generated by ion cyclotron resonant heating (ICRH) on JET [13] . The main result was that AC can be interpreted as AE gap modes (see section 3.1) in the natural frequency gap that arises in the Alfvén continuous spectrum at the radial location, r 0 , where q(r 0 ) = q 0 has a minimum, i.e. S 2 ≡ r 2 0 q (r 0 )/q 2 0 > 0 [12] . Consistently with the prediction of [11] , [19] found that the modes are described by the fishbone-like dispersion relation, equation (20) ,
A and δW f = −(π/4)(S/n 1/2 ), with (m, n) the poloidal and toroidal mode numbers. Thus, in order to find a discrete AE gap mode, IRe 2 < 0 (see section 3.1), with ω 2 > k 2 v 2 A , it is necessary to have nq 0 − m < 0 and δW f + IReδW k > 0. This latter condition can be viewed as a necessary condition for the existence of the AE gap mode and it was computed in [12] from the non-resonant energetic ion response which, for k ⊥ ρ E = 0 and low-β, reduces to the contribution of the third term on the LHS of equation (28) . The resonant fast ion response, due to the RHS of equation (28) and necessary to overcome small but finite core component damping, was computed in [19] .
In summary, we have demonstrated that the large magnetic drift orbit limit, |ω dE | |ω bE |, |ω tE |, |ω|, is consistently included in equations (16)- (18), which therefore provide adequate model equations for analysing the energetic ion excitations of shear Alfvén waves in the typically most unstable wavelength regime k ⊥ ρ E < 1. With this optimal wavelength ordering, the general wave dispersive properties can be written in the form of the fishbone-like dispersion relation, equation (20) [11] , where both resonant and non-resonant wave-particle interactions with fast ions, accounted for by δW k , are due to the magnetic drift curvature coupling.
The large Larmor radius limit
As discussed in section 3.2, the large magnetic drift orbit limit of energetic ions was originally considered in stability analyses of Tandem Mirrors and Elmo Bumpy Torus [14] as well as KBM [15] . The main motivation of these original works was to investigate the stabilizing role of fast ions in the presence of short wavelength MHD modes, and this is the reason why equation (28) was originally derived without the resonant wave-particle interaction term on the RHS [15] . In section 3.2, we have shown that equation (28) can be derived for arbitrary k ⊥ ρ E provided |ω dE | |ω bE |, |ω tE |, |ω|. However, when focusing on energetic ion stabilization of high mode number MHD modes, it is consistent and convenient to take the k ⊥ ρ E → ∞ limit in equations (13)- (15) by dropping all terms containing Bessel functions and to derive equation (28) without the RHS.
More recently, equation (28) was discussed in [17] for k ⊥ ρ E → ∞ in the context of numerical analyses of effects of non-resonant hot ions with large orbits on ACs and on magnetohydrodynamic instabilities in tokamaks. The crucial difference between assuming k ⊥ ρ E < 1 or k ⊥ ρ E → ∞ lies in the fundamental dynamic process which causes the quasi-adiabatic fast ion response implying equation (28) . Considering k ⊥ ρ E → ∞ [17] automatically implies neglecting all kinetic energetic ion responses, including wave-particle resonances (see sections 3.1 and 3.2). Assuming k ⊥ ρ E < 1 [11, 24] , meanwhile, allows wave-particle resonances to exist and to be considered when the condition |ω dE | |ω bE |, |ω tE |, |ω| is relaxed. This condition obviously depends on the particle energy and it is generally possible to identify a region in velocity space where wave-particle resonances provide an effective mode drive, which is ultimately necessary to excite Alfvénic fluctuations and which is explicitly computed in [19] for the case of ACs. In other words, the effective mode drive comes from particles with, for example, ω ω dE + ω bE for trapped particles, ∈ Z Z, i.e. from resonant particles whose interaction strength with the mode is maximized for a suitable choice of the particle energy [19] . This is the physical meaning of the RHS in equation (28), which is implicitly accounted for when considering the most unstable k ⊥ ρ E < 1 wavelength ordering but, in general, should also be considered for k ⊥ ρ E 1 due to the weak asymptotic decay of Bessel functions at large arguments, J n (x) (2/π x) 1/2 cos(x − nπ/2 − π/4). In this respect, we stress the crucial importance of the magnetic drift curvature coupling (see sections 3.1 and 3.2), whereas the derivation of equation (28) for k ⊥ ρ E → ∞ is consistently made ignoring toroidicity [17] .
Considering k ⊥ ρ E → ∞ [17] not only implies neglecting all kinetic energetic ion responses but corresponds to negligible energetic ion transports due to Alfvénic fluctuations because of their implicit adiabatic response [20] . Incidentally, we note that this is the physical reason for the neoclassical behaviour of large Larmor orbit 4 He beam ions, accelerated by ICRH into the mega electron volt energy range at a moderate B field to simulate the fusion Alpha Tail [58, 59] . A similar explanation applies to the fact that no evident energetic ion redistributions are observed via γ -ray tomography [60] during ACs in JET, despite that, typically, k ⊥ ρ E < 1 in these experimental conditions [12, 13] . In fact, due to the lower energy cut-off of the γ -ray diagnostics [60] , it cannot observe the (lower) resonant particle energy range, where most particle redistributions are expected to occur, as observed in JT-60U by spatial inversion of neutron profile measurements during the so-called abrupt large amplitude events (ALEs) [61] .
As a consequence of the above discussions, we conclude that the k ⊥ ρ E → ∞ limit is of little relevance for studying energetic ion transports in burning plasmas due to collective effects, which are expected to occur for fluctuations characterized by k ⊥ ρ E 1. However, the same limit has interesting applications to the energetic ion stabilization of high mode number MHD modes, as originally noted in [14] [15] [16] , or for dedicated experimental studies for simulating fusion alpha-particle heating in present day experiments [58, 59] .
Charge uncovering: a recent 'vexata questio'
Generally speaking, the vorticity equation, equation (3), formally viewed as fluctuating charge continuity equation, i.e. ∇·δj = 0, can be read as currents in the core component balancing the charge uncovering effect due to the large orbits of energetic ions [14, 16] . This interpretation was originally proposed in [14] for interpreting the stability in Tandem Mirror and Elmo Bumpy Torus configurations.
In order to quantitatively discuss the charge uncovering physics, note that the summation in equation (3), with the line-bending term replaced by equation (4), may run on an arbitrary number of species, since that equation is derived directly from a velocity space moment of the gyrokinetic equation, equation (2) (see appendix A). This is not the case for equation (6) , where summation strictly runs over all particle species [7, 8] . Equation (5), meanwhile, is in the form of an identity and it reduces to the well-known quasi-neutrality condition only when the LHS vanishes assuming equilibrium and fluctuation local charge neutrality.
Coming back to equation (3), it takes the standard form of the vorticity equation only when s e s δf s = s e s F 0s = 0 is assumed, i.e. by summing up all particle species. This is the choice of section 2 when deriving the equivalent forms equations (7)- (12) . In this case, equation (3) is equivalent to
where δj is obtained from the parallel Ampère's law and δj ⊥ = δj c⊥ + δj E⊥ , for both core (δj c⊥ ) and energetic particle components (δj E⊥ ), comes from the perpendicular force balance equation. More precisely, equation (3) is equivalent to
where the notation ∇ · δj c⊥ and ∇ · δj E⊥ stands for ∇ · δj c⊥ and ∇ · δj E⊥ , respectively, after removing the E × B convection of equilibrium charge density. This point is a subtlety, since equations (32) and (33) are the same, given the equilibrium charge neutrality. However, distinguishing between the equivalent forms of equations (32) and (33) will be needed in the following.
The ∝δj term in equation (33) is then readily identified with the field line-bending (FLB) term (see appendix A). Meanwhile, looking at the contribution from various particle species, the terms corresponding to core component ∇ · δj c⊥ and energetic ions ∇ · δj E⊥ are uniquely identified. Equation (33) is also of the vorticity equation form at which [17] arrives indirectly in the limit of large orbit energetic ions. Recalling that the summation in equation (3) may run on an arbitrary number of species, as noted above, we may consider core component particles only. Then, it is readily shown that
which is the form of the charge continuity equation used in [17] . Meanwhile, using equilibrium and fluctuation charge neutrality along with the energetic ion continuity equation, we have
Therefore, given equation (35), equation (34), used in [17] , is completely equivalent to equation (33) , which-in turn-is a compact form of writing the vorticity equation, equation (3), given the equilibrium and the fluctuation charge neutrality. The absolute equivalence of equations (33) and (34) is obvious; however, the specific form of equation (34), complemented by equation (35), elucidates the origin of the concept and terminology of charge uncovering as the core component dynamic response that balances the charge separation effect due to the large orbits of energetic ions. Essentially, charge uncovering is nothing more than a conceptual framework suggested by the constructive derivation of the relevant mode equations, when the charge continuity equations for the single species are considered rather than for the whole plasma. The above discussion demonstrates that the distinction between indirect hot ion densitydependent and pressure-dependent effects [17] , referred to the third and last terms on the LHS of equation (28), respectively, and direct hot ion effects, treated elsewhere [11, 24, 27] , appears to be artificial and possibly misleading. In fact, all these effects refer to the same energetic ion terms in equations (33)- (35), which we just demonstrated being totally equivalent, and that we have shown to yield the same governing equations equations (16)- (18) in section 3.1 or equation (28) in section 3.2. The importance and novelty of emphasizing the hot ion density effect, as originally proposed in [12] , lies in the theoretical interpretation of the ACs on JET [13] and in the identification of one key parameter for controlling experimental conditions. The wavelength ordering of [12] (k ⊥ ρ E = 0), meanwhile, is consistent with that of [11, 24, 27] and not with the k ⊥ ρ E → ∞ limit, considered in [17] . Still it is worthwhile to note that, for the reasons discussed in section 3.2, [17] is the first and successful attempt to include non-resonant fast ion dynamics with large orbits into an MHD code for stability calculations.
The charge uncovering physics, thus, crucially depends on the wavelength regime of interest. The purely adiabatic energetic ion dynamics, typical of the short wavelength limit, k ⊥ ρ E → ∞, is intrinsic in the treatments of [17, 18, [62] [63] [64] [65] [66] to derive equation (28) , and this implies neglecting all kinetic fast ion responses as well as selecting a wavelength regime where energetic ion transports due to Alfvénic fluctuations are negligible, as discussed in section 3.2. The charge uncovering term in equation (28) is due to the residual divergence of the fast ion polarization current for k ⊥ ρ E → ∞ (see also appendix A). Meanwhile, in section 3.2 we have shown that the same form of the non-resonant energetic ion contribution of equation (28) can be consistently obtained from equations (16)- (18) in the large magnetic drift orbit limit |ω dE | |ω bE |, |ω tE |, |ω|, but k ⊥ ρ E < 1. In this regime, corresponding to the typical conditions of AC excitations by ICRH energetic particle tails in JET [12, 13] , the magnetic drift coupling term not only accounts for the non-resonant energetic ion contribution but also for resonant excitations of Alfvénic fluctuations by fast ions. For this reason, the analogy drawn in [17, 62] with the dynamic behaviour of unmagnetized cold charged dust particulates [67] , in order to explain the excitation of AC on JET, is incorrect.
Therefore, we can conclude that, given the optimal wavelength ordering, k ⊥ ρ E < 1, considered in [11] for analysing energetic ion transport in burning plasmas, both resonant and non-resonant fast ion behaviours are dominated by the magnetic drift curvature coupling, which fully accounts for the energetic ion dynamics. In particular, the charge uncovering effect [14] [15] [16] is independent of the negligibly small residual divergence of the fast ion polarization current in this limit [41] . This point is missed in [62] [63] [64] [65] [66] , since the authors maintain the equivalence of their k ⊥ ρ E → ∞ approach with that of [12] , where k ⊥ ρ E = 0.
A similar misunderstanding of the previous literature and the relevant wavelength ordering for analysing shear Alfvén wave excitations by fast ions is the basis for recent claims of [62, [64] [65] [66] that all prior work on EPMs [11, 19, 24, 27, 28] is inconsistent, since it does not properly account for the hot ion density-dependent effect, quoted in [12, 17] and discussed in association with the physical problem of ACs [12, 13] . That these claims are conceptually wrong and lack actual foundation is demonstrated above and in section 3.2. Here, it is worth emphasizing that [11, 19, 24, 27, 28] , as discussed in section 3.1, assumed k ⊥ ρ E < 1 for optimal resonant excitations, not k ⊥ ρ E 1 as argued in [62] to dismiss previous results [11, 24] .
Conclusions and discussions
In this work, the set of vorticity equation, equation (3), quasi-neutrality condition, equation (5), and perpendicular Ampére's law, equation (6), as derived from the linearized gyrokinetic equation [8] , provide the basis for re-examining issues on the resonant excitations of Alfvén Modes by fast ions in toroidal plasmas.
We have derived a set of reduced equations, equations (13)- (15), which can be generally applied for investigating fluctuations of the shear Alfvén branch with |k /k ⊥ | 1 and ω ω A , excited by pressure gradients of a tenuous component of fast ions (ω ω * E , n E /n c ≈ δ 3/2 ) in a low-β tokamak plasma with
Equations (13)- (15) are known; their detailed derivations, however, facilitate introducing subsidiary wavelength and frequency orderings as well as analysing applicability regimes of various models commonly used in the literature.
The most unstable shear Alfvén waves excited by energetic ions have, typically, mode numbers k θ ρ E ≈ δ 1/2 [11, 24] to maximize the expansion free energy versus the finite magnetic drift orbit width averaging effect. With this subsidiary wavelength ordering, equations (13)- (15) further reduce to equations (16)- (18), which encompass Alfvénic mode excitations in the frequency range ω * pi ≈ ω ti ω ω A , both via wave-particle resonant interactions with fast ions (KBM, BAE, TAE, AC, etc) as well as by finite thermal ion temperature gradients (AITGs). Equation (16) reduces to the pressure coupling equation of the hybrid MHD-gyrokinetic description of energetic ion driven modes [41] in the limit where thermal ion kinetic effects are neglected.
For k θ ρ E ≈ δ 1/2 , the shear Alfvén stability problem is generally expressed in the form of fishbone-like dispersion relation [11, 24, 30, 48] , equation (20) , which demonstrates the existence of two types of modes: i.e. a discrete shear Alfvén gap mode or AE and an EPM [11] . For AEs, either the core component potential energy or the non-resonant fast ion response remove the degeneracy with the shear Alfvén continuum accumulation point, while the resonant fast ion dynamics provides the drive. For EPM, meanwhile, the non-resonant fast ion response provides the compression effect that balances the typically positive MHD potential energy of the wave, whereas the resonant wave-particle interaction gives the mode drive, which must exceed a threshold due to continuum damping [51, 52] . Here, we have shown that KBM, BAE, TAE, AC and AITG are all particular solutions of equation (20) .
At much shorter wavelengths, k θ ρ E 1, the energetic ion response is nearly adiabatic and the resonant wave-particle interaction becomes small due to finite Larmor orbit averaging. The non-resonant fast ion dynamics is determined by the residual divergence of the fast ion polarization current, originally dubbed as the charge uncovering effect [14] [15] [16] . Still, a small but finite drive is necessary for mode excitation and is provided by resonant energetic particles via the magnetic drift curvature coupling, as shown in equation (28) . Retaining this term is important also at k θ ρ E 1 because it is physically different from other terms in equation (28) and because of the weak asymptotic decrease in Bessel functions at large arguments.
Here, we have demonstrated that the resonant fast ion dynamics in toroidal plasmas is dominated by the magnetic drift curvature coupling in the vorticity equation, while the nonresonant response has various contributions, whose relative weight depends on the ratio of the characteristic fast ion orbit width to the perpendicular mode wavelength. However, for optimal wavelength ordering k θ ρ E ≈ δ 1/2 , both resonant and non-resonant fast ion behaviours are dominated by the magnetic drift curvature coupling, which fully accounts for the energetic ion dynamics including the charge uncovering effect [14] [15] [16] .
A detailed re-examination of the charge uncovering concept elucidates the theoretical framework in which it is naturally formulated and shows that its appearance relies on the constructive derivation of the relevant model equations. For k θ ρ E → ∞, charge uncovering (the non-resonant fast ion dynamics) appears as the residual divergence of the fast ion polarization current [14] [15] [16] . In the very large magnetic drift orbit limit, |ω dE | |ω bE |, |ω tE |, |ω|, but k ⊥ ρ E < 1 as in the case of AC due to ICRH fast ion tails on JET, charge uncovering is due to the magnetic drift coupling term, whereas the residual divergence of the fast ion polarization current is negligibly small as in the hybrid MHD-gyrokinetic ordering [41] .
Finally, let us comment on the applicability of the charge uncovering concept. Magnetic drifts have an essential role in the charge uncovering physics in toroidal systems, since the particle orbit size is essentially determined by magnetic curvature and grad-B drifts. For the case where wave-particle interactions are unimportant, the charge uncovering concept as fluid theoretical framework may be useful, for example, to interpret the current in the core component as induced by the charge separation due to energetic ions. Magnetic curvature coupling, on the other hand, also regulates the resonant wave-particle interactions in toroidal systems. Here the charge uncovering concept becomes dubious. The usefulness of the framework is, thus, limited; especially when the fundamental physics in more complex dynamics situations needs to be elucidated.
Appendix A. Detailed derivation of the vorticity equation
This appendix closely follows [8] . However, we report it here for the reader's convenience. Consider equation (2) and make the following formal steps.
• multiply both sides by (4πiω)/(k
• Sum up all particle species.
• Sum (integrate) over velocity space: hereafter, angular brackets · · · indicate velocity space integration.
With these three steps, and accounting for the fact that
and J is the total equilibrium parallel current, which we have assumed to be carried mostly by electrons, having used the parallel Ampére's law, equation (4) Meanwhile, the inertia term-∝ωδK s -is naturally combined with the parallel electric field-∝(δφ − δψ)-on the RHS of equation (2) 
where v E = (ic/B)(b×k)δφ is the fluctuating E×B velocity. Assuming both equilibrium and fluctuation charge neutrality, the first two terms on the RHS of equation (A4) 
Note that this term contains the most important dynamic effects for EPMs [11, 19, 24, 27, 28] , including both resonant and non-resonant particle responses, as discussed in sections. 
Generally, it is convenient to combine MPC and MFC terms to demonstrate well-known simplifications due to perpendicular pressure balance [8] . This point is discussed in section 3. By the simple addition of the various contributions discussed in equations (A2)-(A7) one readily derives the vorticity equation in the form of equation (3) .
Section 4 starts with a detailed discussion showing that, given equilibrium and fluctuation charge neutrality, the vorticity equation, equation (3), is equivalent to the charge continuity equation in the form of equation (33) . Considering the simple limit in which wave-particle resonances are negligible, e.g. assuming |ω dE | |ω bE |, |ω| [12] , the charge continuity equation can be read as currents in the core component balancing the charge uncovering effect due to the large magnetic-drift orbits of energetic ions [14, 16] . Note that, if k ⊥ ρ s < 1 for all particle species [14, 16] , including fast ions, the charge uncovering effect is due to both the MPC and KPC terms given above and is crucially related to magnetic drifts [12, 19] : thus, it is an intrinsic toroidal effect. The situation is quite different if fast ions are assumed characterized by k ⊥ ρ E → ∞ [17] . In this case, in fact, fast ion contributions to MPC, KPC and MFC terms vanish identically and the energetic ion response is purely adiabatic. Meanwhile, the ICU term, which is the only one non-trivially vanishing in the fast ion charge continuity equation, reduces to the following identity for isotropic energetic particles [17] :
which is the residual divergence of the fast ion polarization current and, substituted back in the core component charge continuity, yields the equation analysed in [17] for the low frequency shear Alfvén waves with |k qR 0 | 1, in connection with ACs observations in JET [13] . Such a condition may be of interest for the interpretation of recent fusion Alpha Tail simulation experiments in JET [58, 59] (see section 3.3). However, it is of little interest for a burning plasma, when referred to typical energetic ion-induced Alfvénic fluctuations, characterized by low to intermediate toroidal mode numbers up to 10 n 20. We also note that such an extreme condition of k ⊥ ρ E → ∞ is not the typical case for the observation of
